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Monoidal categories and bialgebras

Let k be a field (commutative ring), 9% the category of k-modules.

(A m.0) ‘I
A7 m,u w =
k-algebra o J A = Nat(w,w)
m
<Am7®7k) a'(m®n):al-m®a2-n
(A,m,u, A e) — J a1y =e(a)
k-bial )
bialgebra A(a) =a- (1a®1,)
(im, ®, k) ca)=a-1,

There is a bijective correspondence between liftings of the monoidal structure
along w and bialgebra structures on A. J
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Closed monoidal categories and Hopf algebras

If Ais a bialgebra, 4,91 is also biclosed monoidal
—®N H [N,—-] = ,Hom ((A® N,—) (right closed)
(left closed) M® - o {M,—} = ,Hom(M® A, —)

There is a bijective correspondence between liftings of the right closed monoidal
structure along w and Hopf algebra structures on A. J

LHom (A® N, P) <°%“. Hom (N, ;Hom (A® N, P) @ N)

Hom (N,ev)

LHom (A® N, P) _ Hom (N, P)

is induced by

ARN - AR N, a@n— a®a-n.
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Closed monoidal categories and Hopf algebras

There is a bijective correspondence between liftings of the biclosed monoidal
structure along w and Hopf algebra structures with bijective antipode on A. J

AHom (M ® A, P) =<5 Hom (M, ;Hom (M ® A, P) ® M)
Hom (M.,ev)

Hom (M, P)

,Hom (A® M, P) _

is induced by

AQM—-> MRA, a®m—a-mQ a .
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Question

What can we say about A

if we lift the closed structure alone?
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Skew-monoidal categories

Definition
A skew-monoidal category is a category C together with

a distinguished object 1

a bifunctor ®: C xC —> C

a family px: X — X ® 1 natural in X

a family Ax: 1 ® X — X natural in X

afamily axyz: XQY)®Z - X® (Y ®Z) natural in X, Y,Z

subject to the commutativity of 5 diagrams.

A skew-monoidal category is called
e right normal iff px: X — X ® 1 is a natural isomorphism
e left normal iff Ax: 1 ® X — X is a natural isomorphism

e associative normal iff axy z: (X®Y)®Z - X® (Y ®Z) is a natural
isomorphism
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Skew-closed categories

Definition (Street, 2013)

A skew-closed category is a category C together with
e a distinguished object 1

a bifunctor [—,—]: C®? xC - C

a family ix: [1, X] — X natural in X

a family jx: 1 — [X, X] dinatural in X
a family I y @ [X, Y] = [[Z, X],[Z, Y]] natural in X, Y and dinatural in Z

subject to the commutativity of 5 diagrams.

Example
Take R a k-algebra and C = g9t with [U, V] = Hom (U, V) and 1 = R.

e iy: Hom (R, U) > U, f > f(1g)
0juZR—>H0m(U,U), 1R'—>idU
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Skew-closed categories

e Morally, one should think about 'y , : [V, Z] — [[X, Y],[X, Z]] as a
“post-composition map":

MY, :Hom(V, W) — Hom (Hom(u, V), Hom(U, W))

U f

(v—=w) o [(uv) e >\:/W

Definition
A (strict) closed functor between closed categories (C,1,[—, —]) and
(C',1',[—,—]) is a functor F: C — (' satisfying

F(1)=1 and  F[X, Y] =[FX,FY]

and all behaves well with respect to coherence transformations.
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Normal skew-closed categories

A skew-closed category is called
e right normal iff ix: [1, X] — X is a natural isomorphism,
e left normal iff
C(X,Y)—-C@1,[X,Y]), f—[f,Y]ojy

is a bijection,

e associative normal iff
w
| e xevizwy — exlv.iz o)

V4

(f.8) ~ {X 5w, U] S, 11z, wl, [z, u)) B2, [y 1z, v}

is bijective.

o’

A closed category is a skew-closed category satisfying all the normality conditions.
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Skew-monoidal and skew-closed categories

Theorem (Uustalu, Veltri, Zeilberg, 2020)

Let C be a category with a distinguished object 1 and bifunctors ®: C x C — C

and [—,—]: C°* x C — C. Assume that there are adjunctions —® X — [X, —],
natural in X.

o Skew-monoidal structures (a, \, p) on (C,® 1) are in bijection with skew-closed
structures (I',j, i) on (C,[—,—],1).

o The skew-monoidal structure is left/right /associative normal iff the skew-closed
structure is left/right/associative normal.

e The skew-monoidal structure is associative normal iff

xov.21 %o, (v, xo v) v, 21 =2, 1 (v 2

is a natural isomorphism, iff the skew-closed structure is associative normal.
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Lifting the closed structure - monadic version

Let (T, m,u) be a monad on a skew-closed category C. Then CT is skew-closed
such that the forgetful functor to C is strictly closed iff

e thereis pn: T1 — 1 in C such that (1,1) € CT and
e there is a family sx y: T|TX, Y| — [X, TY| natural in X, Y
which satisfy, for all X, Y in C and (M, jup) in CT,
Sx,y o Uitx,y] = [ux, uy],
sx,y o mirx,y] = [X,my]osxry o Tstxy o T2[mx, Y],
Tix = itxosixo Tlu, X],
Jvopr = [M,pumomu]osurmo Titm,

¥ rvosxy = [[um X1, smy] o sirmxgirmvy © T [smx, [, Y]] o TTH .
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Lifting the closed structure - monoidal version

Proposition

Let (A, m,u) be a monoid in a closed monoidal category C. Then ,C is
skew-closed such that the forgetful functor is strictly closed iff

e thereisc: A— 1 inC such that (1,e ®1) in ,C and
o thereis a family tx y: AQXQ@Y - AQX®AR®Y natural in X, Y
which satisfy, for all X, Y in C and (M, up) in 4C

txyo(U®XQ®Y)=u®XQueY,
txyo(mRX®Y)=(mAX@mM®Y)o (AR tx axy) © tagx,Y,
(A®X®¢e)otx1 = A®X,
EQM=(mQM)otyy,

tx,yom = (A@X®AQ Y®u§\/,2)) o (A@ X ® ty agm) © txgagy,m© (tx,y @ M).

v
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Lifting the closed structure - algebra version

Theorem

Let A be a k-algebra. Then the skew-closed structure of M lifts to a skew-closed
structure on N iff

e (A e) is an augmented k-algebra and

e Jan algebramap : A— AR A°?, §(a) = a, ® a_, such that for all ae A
aie(a_) = a, ara_ = e(a)la,
a,,®a ®a a, = a Ra 1.

In this case, A acts on Hom (M, N) as

(a.f)(m) = a,f(a_m).

Definition
Such an algebra will be called a gabi-algebra.
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Examples

Example (Hopf algebras)

Any Hopf algebra H is a gabi-algebra with 6(h) = h; ® S(hy). The category 9
is a closed monoidal category with closed monoidal forgetful functor.

Example (One-sided Hopf algebras — Green, Nichols, Taft, 1980)

A right Hopf algebra is a bialgebra B in which idg has a right convolution inverse.

A right Hopf algebra whose right antipode is an anti-bialgebra map carries the
structure of a gabi-algebra with respect to € and d(b) = by ® S(by) for all b e B.

This skew-closed structure is not left normal, since the k-linear map
g: B ,B— B®B, a®b— a3 ®S(ap)b,

induces an element 1 — (3 in gHom (k, Hom (B® B, B® B)) which does not
come from an element in gHom (B® B, B® B).
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Gabi-algebras and skew monoidal structures

Let A be a gabi-algebra and M be a left A-module. Consider the k-module A&Q M,
which we turn into an A-bimodule via

a.(b®m).c =abc, ® c.m .
We denote this bimodule by A® M.
Proposition

For any M € ,90t, there is an adjunction

(AOM) ®a —
—
AN L AN
\_/
Hom(M,—)

The unit and counit of the adjunction are

N — Hom (M, (A® M) ®a N), ni— {m— (1, ®m)®an},
(AO M) ®a Hom (M, N) - N, (a® m)®a f— af(m) .
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Gabi-algebras and skew monoidal structures

Recall that any skew-closed category in which [—, —] admits a left adjoint
possesses a skew-monoidal structure. Consider the bifunctor

X D x M > M MRN=(AON) Q@4 M .

Proposition

defines a skew-monoidal structure on 29, with unit k, unitors

A KKIN — N, (a®n)®a li — an,
om: M5 MRk, me— (140 1) ®am,

and associator
armn: (LEM)RN - LR (MEN),

(20 n) @a (6O m) @4 1) > (2b4 O (1a©b-) @am)) @al .
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Gabi-algebras and Hopf algebras

Given a gabi-algebra (A, d, ) define its canonical morphism to be
B:AQRA > ARA, a®b+—a.®a b,

and its antipode to be o(a) = c(a; )a .

Proposition

If 3 is invertible and A(a) .= 3 Y(a®1) is left counital, then (A, A, ¢) is a Hopf
algebra with antipode o.

Corollary (Commutative is Hopf)

Any commutative gabi-algebra A is a Hopf algebra with comultiplication
A(a) == a; ®o(a_) and antipode o.

Proposition

Let A be a finite-dimensional gabi-algebra with invertible antipode o. Define
A(a) = a, ®0c (a_). Then (A, A, ¢e,0) is a Hopf algebra.
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Gabi-algebras and normality

Proposition
Let A be a gabi-algebra over k. Then the skew closed structure on ,2M is
associative normal if and only if the canonical map (3 is invertible.

A\

Proposition

Let A be a gabi-algebra whose (3 is invertible. Then the skew closed structure on
AN is also left normal if and only if A is a Hopf algebra with comultiplication

B Ya®1), counit € and antipode o(a) = e(ay)a_ for all a€ A.

Our conclusive slogan is:

Everybody knows what a normal gabi-algebra is.

Let A be an algebra. Then ,2M is a closed category with strictly closed forgetful
functor 29 — M if and only if A is a Hopf algebra.
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Many thanks . ..
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https://hopfalgb.ulb.be/Hopf2025/index.html
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Axioms of a skew-closed category

1211 X Y] (X XX V)

S C | ey

X Y] [LIX. Y]]
1 |y X, Y] 2 (1, X 1, V)]
k lr)ﬁ,y m J [1.X],iv]
XYL 1X. Y]] 11X, Y]
W, X] U, W]J U.X]]
Mo, v
(11U V], [U. WL [[U. V). [U. X]]]

J[re,w,uu,w,[u,)qu

(v, w1V, X]| [TV, W1V, V1. [U, X]]]

[V, WI,rY ]
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Axioms of a skew-monoidal category

PxRY

®1 XevYZ2 (Xel)eY

AN |
S o

X® mecg(l@ Y)

1

PXRY a1,.X,Y

XeYZ2 (Xev)el 1X)@Y 18 (XQY)
P e
X®(Y®1) X®Y

aw x,y®Z
ot (

(WRX)RY)®Z WRXQY)®Z

JOWV,X@Y,Z
aWX,Y,z W ® ((X X Y) X Z)
JW@)QX,Y,Z

WRX®(Y®Z)

WeX)®(Y®2)

aw, X, Y®Z
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